Introduction
Throughout this paper graphs are assumed to be nite, and, unless speci ed otherwise, simple, undirected and connected. For the group-theoretic concepts and notation not de ned here we refer the reader to 3, 9, 21] .
Given a graph X we let V (X), E(X) and Aut X bethevertex set, the edge set and the automorphism group of X, respectively. For two adjacent vertices u and v we write u v, and use the symboluv to denote either the edge between u and v, or the arc from u to v. No ambiguity should arise for we always clearly state whether we refer to an edge or to an arc.
If a subgroup G of Aut X acts transitively on V (X) and E(X), we s a y that X is G-vertex-transitive and G-edge-transitive, respectively. In the special case when G = Aut X we s a y t h a t X is vertex-transitive and edge-transitive respectively. It can be shown that a G-edge-but not G-vertex-transitive graph X is necessarily bipartite, where the two parts of the bipartition are orbits of G Aut X. Moreover, if X is regular these two parts have equal cardinality. A regular G-edge-but not G-vertex-transitive graph will be referred to as a G-semisymmetric graph. In particular, if G = Aut X the graph is said to be semisymmetric.
The study of semisymmetric graphs was initiated by Folkman 6 ] who posed a numberof problems which spurred the interest in this topic (see 1 , 2 , 4 , 5 , 1 1 , 1 2 , 1 3 , 1 6 ] ) . Among other things he proved that there are no semisymmetric graphs of order 2p or 2p 2 , f o r p a prime. This paper deals with (non)existence of cubic semisymmetric graphs of order 2p 3 , where p is a prime. The rst example of such a graph, the so called Gray graph, has order 54 and is descibed in 1]. Its discovery, according to 1], is due to Marion C. Gray i n 1 9 3 2 , t h us explaining its name. As shown in 15] , it is the smallest cubic semisymmetric graph. Following 17] , the Gray graph is a regular 9-fold cover of K 3 3 , with Z Z 2 3 as the group of covering transformations (see Figure 1 below). For the purpose of this paper we t a k e this as the de nition of the Gray graph. Alternative de nitions can be found in 17].
Our object is to prove the following result. Theorem 1.1 Let X be a cubic semisymmetric graph of order 2p 3 , p 3 a prime. Then p = 3 and X is isomorphic to the Gray graph.
The proof of Theorem 1.1 uses a combination of purely group-theoretic and combinatorial techniques, and is given in Section 3. 
Preliminaries
An epimorphism } : X ! Y of connected graphs is a regular covering projection if it arises essentially as a factorization X ! X=G = Y , where the action of G Aut X is semiregular on both vertices and edges of X. Note that the graph Y may not be simple even if X is. The graph X is called the covering graph and Y is the base graph. The preimage } ;1 (v), v 2 V (Y ), corresponds to an orbit of G on V (X) and is called the (vertex)-bre over v. Similarly, edge-bres correspond to orbits of G on E(X).
It is well-known that a regular covering projection X ! Y = X=G can be reconstructed in terms of voltage assignments valued in G as follows (see 10]). First label arbitrarily a vertex in each bre by 1 2 G, and then label all other vertices by the right regular action of G Aut X on each bre. Consequently, given an arc uv in Y , the origins and termini of arcs in } ;1 (uv) are labelled, respectively, by g and ag (g 2 G) for some a 2 G. This fact is recorded by assigning the voltage vol(uv) = a 2 G to the corresponding arc uv. Clearly, i n verse arcs carry inverse voltages. The edges of X can thus be retrieved from Y by considering the left regular action of G induced by the above labelling. A g i v en voltage assignment c a n be modi ed in such a w ay that the arcs of an arbitrarily prescribed spanning tree receive trivial voltages, and that the modi ed assignment is associated with the same covering projection 10]. Moreover, the following proposition holds. Proposition 2.1 18] Leaving the voltages of a spanning tree trivial and replacing the voltage assignments on the cotree arcs by their images under an automorphism of the voltage group results in an equivalent covering projection.
Let } : X ! Y = X=G bea regular covering projection. If ' 2 Aut Y and' 2 Aut X satisfy'} = }' we call' the lift of ', a n d ' the projection of'. (For the purpose of this paper, all functions are composed from left to right.) Concepts such as the lift of a group of automorphisms and the projection of a group of automorphisms are self-explanatory. The lifts and the projections of groups are of course subgroups in Aut X and Aut Y , respectively. In particular, CT(p) = G is the lift of the identity group and is known as the group of covering transformations. Clearly, i f G is normal in Aut X then Aut X does project (however, the projection need not be onto). where C ranges over all fundamental closed walks at v. Note In general, the action of the full automorphism group of a semisymmetric graph on its bipartition sets need not be faithful 4]. However, for cubic graphs this action is always faithful. Proposition 2.7 Let X be a cubic semisymmetric graph. Then Aut X acts faithfully on each of the bipartition sets of X.
Proof. Let V 0 and V 1 bethetwo bipartition sets of X, and let u 2 V 0 and v 2 V 1 be adjacent.
Assume that A = Aut X is not faithful, say, on V 0 . Then the kernel C A (V 0 ) of the action of A on V 0 is nontrivial. By Proposition 2.5, each vertex stabiliser of A is a f2 3g-group. Since C A (V 0 ) is the intersection of vertex stabilisers A w for w 2 V 0 , i t f o l l o ws that C A (V 0 ) is also a f2 3g-group. If 3 divides jC A (V 0 )j, then there exists some element of order 3 in C A (V 0 ).
Since an element o f order 3 in a vertex stabiliser of a semisymmetric cubic graph is transitive o n i t s n e i g h bours, it follows that C A (V 0 ) is transitive o n the neighbourhood X(w) of any vertex w 2 V 0 . By the connectivity of X we have X = K 3 3 , a contradiction since K 3 3 is vertex-transitive. Hence C A (V 0 ) is a 2-group. It follows that C A (V 0 ) A u \A v = A uv . Since C A (V 0 ) is normal in A (and A is faithful on E(X)), it follows that C A (V 0 ) = 1, contrary to our assumption.
Proof of Theorem 1.1
The following lemma which g i v es a detailed information on the local psubgroups of the full automorphism group of cubic semisymmetric graphs of order 2p 3 is esential to the proof of our main theorem. (Note that the proof of this lemma depends on the classi cation of nite simple groups, applied to groups of order 2 r 3 p 3 .) Lemma Proof. Denote the bipartition sets of X by V 0 and V 1 and let u 2 V 0 , and v 2 V 1 be adjacent.
We rst consider the case p > 3. By Propositions 2.5 and 2.7, jAj = 2 r 3 p 3 for some integer r. Let P bea Sylow p-subgroup of A. Then P acts regularly on each V i , and hence X is a regular P-cover of the dipole dip 3 with three parallel edges. The covering projection X ! dip 3 can be reconstructed in terms of the voltage group P, where the voltages on the three arcs from V 0 to V 1 are 1, a and b. Since X is connected, we have P = ha bi. By Corollary 2.3, P is not abelian. It is well known that there are exactly two nonisomorphic nonabelian groups of order p 3 Suppose rst that Q = 1 . Let N bea minimal normal subgroup of A. In general, N is a direct product of isomorphic simple groups, which m ust be nonabelian, by our assumption. But 3 2 does not divide jAj and so N is a nonabelian simple f2 3 p g-group. By the classi cation of nite simple f2 3 p g-groups, we h a ve N = PSL 2 To summarize, we have proved thus far that either Q is elementary abelian of order p 2 or Q = P is normal in A. In the rst case we take the group G to beQ. In the second case we have that 1 (P ), the group generated by all elements of order p in P, i s a c haracteristic subgroup of P, and hence normal in A. Since P = M 1 (p), we have 1 (P ) = Z Z 2 p , and we take G = 1 (P ) in this case.
Moreover, since p > 3, we have that G = Z Z 2 p is always semiregular on both vertices and edges because the vertex stabilisers and edge stabilisers of X are all p 0 -groups.
Let us now consider the case p = 3 . We h a ve jPj = 3 4 , jV 0 j = jV 1 j = 3 3 , and jAj = 2 r 3 4 . Let i 2 f0 1g. Since A is transitive on V i , and jV i j = 3 3 , it follows by 21, Theorem 3.4] that also the Sylow p-subgroup P of A is transitive o n V i . Further, P is nonabelian for its action on V i is not regular. Note that each Sylow 2-subgroup of A is an edge stabiliser. Consequently, P acts edge-transitively and hence semisymmetrically on X.
Let G be a normal subgroup of order 9 in P. We rst show that G must be semiregular on each V i . For if G is not semiregular, say o n V 0 , then G has nontrivial intersection with P u = Z Z 3 , for some u 2 V 0 , and hence P u G. Choose an arbitrary w 2 V 0 . By the normality o f G in P and the transitivity of P on V 0 it follows that P w G. Since P w is transitive on the neighbourhood N(w) o f w, it follows that N(w) is contained in only one orbit of G on V 1 . Moreover, for any other vertex w 0 in the same orbit of G on V 0 , the neighbourhoods N(w) a n d N(w 0 ) are contained in the same orbit of G on V 1 . By the connectivity o f X, the group G is transitive o n V 1 , w h i c h is impossible as jGj = 9 and jV 1 j = 2 7 . Therefore G is semiregular on each V i , and X ! X=G is a regular covering projection, where X=G is a cubic graph of order 6. Since G is normal in P, the group P projects onto an edge-transitive subgroup of X=G. Consequently, the quotient graph X=G is isomorphic to K 3 3 .
Note that the argument of the preceding paragraph implies that no normal subgroup of order 9 of P contains a vertex stabiliser P w , w 2 V (X).
We now show that G = Z Z 2 3 . Suppose not. Then G = Z Z 9 . By 19, Theorem 6.11] the quotient P = C P (G) is isomorphic to a subgroup of Aut G = Z Z 6 . It follows that either C P (G) = P or C P (G) is abelian of order 27.
If C P (G) = P, that is, G Z(P), then G = Z(P) as P is not abelian. Recall that G and P u have trivial intersection. It follows that hG P u i = Z Z 9 Z Z 3 . Now 1 (hG P u i) i s c haracteristic in hG P u i and hence normal in P. Note that 1 (hG P u i) contains P u and is of order 9. This contradicts the fact that P has no such subgroups. Therefore, C P (A) is abelian of order 27. In other words, C P (G) is isomorphic either to Z Z 9 Z Z 3 or to Z Z 27 .
Suppose that C P (G) = Z Z 9 Z Z 3 . By Corollary 2.3, C P (G) cannot be regular on both the V 0 and V 1 . Consequently, it contains a vertex stabiliser P w for some w 2 V (X). The same argument as above now leads to a contradiction.
It remains to exclude the case C P (G) cyclic. In fact, we claim that P contains no cyclic subgroups of order 27. Assuming that P contains a subgroup R isomorphic to Z Z 27 , w e h a ve by Corollary 2.3 that R cannot be transitive on bothV 0 and V 1 . Suppose that R is intransitive on V 0 . Then P u R for some u 2 V 0 . Since R has index 3 in P, it is normal in P. By the transitivity o f P on V 0 , the group R contains P w for all w 2 V 0 . As R is cyclic and P u = Z Z 3 , the groups P w , w 2 V 0 , coincide and are therefore contained in the kernel of A on V 0 . This contradicts Proposition 2.7, completing the proof of Lemma 3.1.
Proof of Theorem 1.1. We shall distinguish two cases. Case 1: p > 3.
By Lemma 3.1, the automorphism group A = A u t X has a normal subgroup G isomorphic to Z Z We now investigate how # imposes further restrictions to our voltage assignment. As we shall see, = 0 , implying that our covering graph X is uniquely determined. To this end we rst describe the action of # on the voltages of the \small" base cycles, determined by the chords. Explicitly, 
We now show that the unique covering graph obtained by this voltage assignment is not semisymmetric. To this end we show that the re ection interchanging y with (1 ; y) 0 lifts.
Obviously, the natural hamiltonian cycle C is reversed by this re ection, and so vol(C ) = ;a. As for the cycles C i , i 2 Z Z p , observe that the chordal arc C i 1 C 0 i 2 is mapped to the chordal arc C 0 s 2 ;i 2 C s 2 ;i 1 . Also, the arc 01 0 appears only on cycles C i with s 2 < i < p. Moreover, the re ection preserves the set of cycles C i containing 01 0 and the set of cycles C i not containing 01 0 . This implies that vol(C i ) = ;b s 2 ;i , f o r i 2 Z Z p .
Finally, using Proposition 2.2, one can check that lifts, implying that the covering graph is not semisymmetric. 3 3 for the case when a and b are linearly dependent, is unique. We now show that it is indeed semisymmetric, and in fact isomorphic to the Gray graph. By recalculating the cotree voltages relative to the spanning tree with edges 01, 12, 03, 25, 14, we get an equivalent v oltage assignment where the arcs 23 and 34 receive v oltage (0 1), whereas the arcs 05 and 54 receive voltage (1 0). It is known that such an assignment gives rise to the Gray graph (see 17]).
We n o w consider the case when a and b are linearly independent. Choose fa bg as a basis of G. From Table 1 There exists an automorphism of the voltage group G taking a and b to (1 0) and (0 ;1), respectively. By Proposition 2.1 we m a y assume a = ( 1 0) and b = ( 0 ;1). As above, recalculating the cotree voltages relative to the spanning tree with edges 01, 03, 05, 14 and 52, we get that the covering graph is again isomorphic to the Gray graph.
We conclude that X is unique and isomorphic to the Gray graph, completing the proof of Theorem 1.1.
We remark that it is not hard to see that the above c o vering graph of Y can be described in such a w ay t h a t i t m a k es its isomorphism with the Gray graph, as de ned in 1], self-evident. Just substitute the vertices 0 and 2 by three copies of K 3 3 , regard the vertices 1, 3 and 5 as inserted edge-vertices, and take the vertex 4 to be the nine vertices joining the edge-vertices.
